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CHARACTERIZATION OF CONDUCTOR BY 
ALTERNATING CURRENT 
POTENTIAL-DROP METHOD WITH A 
FOUR-POINT PROBE 
PRIORITY STATEMENT 
This application claims priority to U.S. Provisional Patent 
Application No. 60/686,061, filed May 31, 2005, herein 
incorporated by reference in its entirety. 
BACKGROUND OF THE INVENTION 
The present invention relates generally to the characteriza-
tion of conductive objects or surfaces, such as, without limi-
tation metal plates, rods, coatings using non-destructive 
evaluation techniques and in particular using a four-point 
probe. Measurements of electrical conductivity (or resistiv-
ity) are useful in metal sorting, alloy identification, heat-
treatment monitoring of aluminum alloys, and detection of 
flaws which are manifest as a change in the material conduc-
tivity, such as thermal damage in aircraft structures. Prior art 
methods include existing four-point methods for measuring 
metal conductivity or thickness that use direct current or the 
use of standard eddy -current instruments for measuring metal 
conductivity. These types of approaches have limited utility. 
For example, where direct current is used only a limited 
number of material properties can be accurately determined. 
In addition, there are problems with use of too much current, 
ionic deposition problems, the need for geometric correction 
factors, and a host of other problems. Standard eddy-current 
instruments for measuring metal conductivity cannot be used 
in the case of ferrous metals. 
BRIEF SUMMARY OF THE INVENTION 
Therefore it is a primary, object, feature, or advantage of 
the present invention to improve upon the state of the art. 
It is a further object, feature, or advantage of the present 
invention to provide for using four contact points on a con-
ductive object to determine characteristic information about 
the conductive object such as dimensions, electrical conduc-
tivity, and magnetic permeability. 
Yet another object, feature, or advantage of the present 
invention is to provide for using four contact points on a metal 
plate to determine characteristic information about a metal 
plate such as thickness, electrical conductivity, and magnetic 
permeability. 
A further object, feature, or advantage of the present inven-
tion is to provide for using four contact points on a metal rod 
to determine characteristic information about the metal rod. 
Yet a further object, feature, or advantage of the present 
invention is to provide for using four contact points on a 
conductive surface to determine characteristic information 
about the conductive surface, including where the conductive 
surface is a coating. 
Another object feature, or advantage of the present inven-
tion is to provide for a method of determining both electrical 
conductivity and magnetic permeability. 
Yet another object, feature, or advantage of the present 
invention is to provide a method that uses a multiple fre-
quency approach rather than a direct current or single-low 
frequency approach. 
A still further object, feature, or advantage of the present 
invention is to provide for a four contact point method to 
determine characteristics of a conductive plate comprised of 
ferrous metals. 
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Another object, feature, or advantage of the present inven-
tion is to provide a method for accurate measurement of small 
changes and/or differences in magnetic permeability. 
Yet another object, feature, or advantage of the present 
invention is to provide a method that can assist in determining 
the processing history of metals such as stainless steels by 
accurate measurement of small changes in magnetic perme-
ability when the value is close to unity. 
A further object, feature, or advantage of the present inven-
10 tion is to provide a method of measuring electrical conduc-
tivity that is accurate and consistent. 
A still further object, feature, or advantage of the present 
invention is to provide a method of measuring electrical con-
ductivity that becomes more accurate as conductivity 
15 decreases. 
Another object, feature, or advantage of the present inven-
tion is to provide a method for measuring magnetic perme-
ability which is simple and low cost. 
Yet another object, feature, or advantage of the present 
20 invention is to provide a method for measuring electrical 
conductivity which does not rely on time-consuming prior 
calibrations. 
A further object, feature, or advantage of the present inven-
tion is to provide for an accurate, portable conductivity mea-
25 surement system. 
One or more of these and/or other objects, features, or 
advantages of the present invention will become apparent 
from the specification and claims that follow. 
According to one aspect of the present invention, a method 
30 of determining material parameters associated with a conduc-
tor using four points is provided. The method includes inject-
ing and extracting alternating current into the conductor using 
current-carrying wires operatively connected to two of the 
four points, measuring potential drop between the remaining 
35 two of the four points, and calculating the material parameters 
of the conductor using the potential drop and the alternating 
current. The material parameters which can be measured 
include, magnetic permeability, electrical conductivity (or 
resistivity), geometry parameters (such as plate thickness, 
40 when the conductor is a plate). The conductor can be, for 
example, a metal plate, a stratified conductor, a conductive 
surface treatment, a coating, a ferrous metal, a metal half 
space, metal rod or tube. The four points may be co-linear, 
may be oriented in a rectangular configuration or randomly or 
45 arbitrarily placed. 
According to another aspect of the present invention a 
method is provided for determining material parameters asso-
ciated with a conductor by using a four points probe. The 
method includes injecting and extracting alternating current 
50 into the conductor using current-carrying wires operatively 
connected to two of the four points of the four point probe, 
measuring potential drop, V, between the remaining two (p, q) 
of the four points of the four point probe, and applying an 
analytical expression relating the voltage, V, measured 
55 between points p and q, the electromagnetic skin depth of the 
conductor and the amplitude of the alternating current to 
determine the magnetic permeability and conductivity of the 
conductor. 
Generally, the method relies on electrical contact to a con-
60 ductor by means offourpoints. Two points facilitate injection 
and extraction of alternating current into/out of the plate 
means of current-carrying wires. The other two facilitate 
measurement of potential drop (voltage) between points on 
the surface of the conductor by a high-impedance voltmeter. 
65 The measured voltage can be used to infer characteristic 
information about the conductor and properties such as elec-
trical conductivity, and magnetic permeability. 
US 7,443,177 Bl 
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The present invention uses alternating current at a number 
of fixed frequencies. This permits a greater number of mate-
rial parameters to be determined than if direct current is used, 
including accurate determination of magnetic permeability. 
Generally, the present invention needs less current, avoids 
ionic deposition problems, requires fewer geometric correc-
tion factors and may give a larger voltage signal than prior art 
methods. 
4 
dently in order to calculate the other. Higher-frequency volt-
age values are entered into a theoretical formula (along with 
the conductivity and plate thickness) to calculate the mag-
netic permeability. On samples tested, conductivity measure-
ments are accurate to within 1% of values obtained by an 
independent (eddy -current) method. The MIZ-21A eddy -cur-
rent instrument measures conductivity to at best 1% and 
possibly only 20% accuracy for low conductivity metals such 
as stainless steel. In order to measure magnetic permeability 
BRIEF DESCRIPTION OF THE DRAWINGS 
FIG. 1 is a schematic showing a path of integration. 
FIG. 2 is a graph showingACPD measurements on a brass 
plate compared with theory. 
10 by an eddy-current method, low-frequency instrumentation is 
required because the conductivity and permeability remain 
coupled in their behavior until low frequencies are reached. In 
the proposed method, the conductivity becomes decoupled 
from the permeability at significantly higher frequency, mak-
FIG. 3 is a graph showing calculated values of 'Vas a 
function of frequency and plate thickness. 
FIG. 4 is a graph showing calculated values oflm('V) as a 
function of frequency and perpendicular length of the pick-up 
wire, I. 
15 ing it possible to measure both parameters easily using the 
same technology. Very small variations in magnetic perme-
ability (±0.01) are observable for low permeability metals. 
FIG. 5 is a schematic illustrating a four point probe in 
contact with a conductive half-space. The path of integration, 
C (- - - -), may occupy any plane of constant y. Here the plane 
y=O is shown.! is the dimension of the pickup circuit perpen-
dicular to the conductor surface. 
The method relies on a theoretical formula for interpreta-
tion of the measurement data and deduction of the parameters 
20 of the metal plate. This theoretical formula has not previously 
been derived in the case of alternating current. 
FIG. 6 is a graph illustrating a dimensionless pickup volt- 25 
age, navLsSII, as a function of dimensionless frequency, 
Wf.LOS2 , in the case of a co-linear, symmetric probe, for 
q/S=%(0.333), 3/s(0.600), 5/7(0.714), %(0.778) and 
91ti(0.818). 
FIG. 7 is a graph illustrating dimensionless pickup voltage, 30 
nd'S!I, as a function of dimensionless frequency, Wf.LOS2 , in 
the case of a rectangular probe, for c/S=2, 2/3 (0.667), 
2/s(0.400), 2/7(0.286), 2;9(0.222) and 21ti(0.182). 
The alternating current potential drop (ACPD) method 
measures the voltage, 'V, between two pick-up points on the 
surface of a conductor. For the configuration shown in FIG. 1, 
('q,y,O) ,( 
V =V+to=-j," E· d l+'J:E· d l, 
(p,y,O) C 
(A.1) 
where C is a closed loop [1]. E is the rate of change of 
magnetic flux within the loop. 
In direct current potential drop measurements there is no 
induction effect in the measurement circuit ( E=O) since the 
current does not vary with time and in this case the measured 
potential drop is almost exclusively due to the conductor. In 
ACPD measurements, the contribution to 'Vfrom the conduc-
tor dominates when the frequency is sufficiently low, since 
the inductive contribution from the measurement circuit, iwL, 
FIG. 8 is a graph illustrating the imaginary part of the 
dimensionless pickup voltage, JtavLsS/I, as a function of 35 
dimensionless frequency, Wf.LOS2 , in the case of a co-linear, 
symmetric probe, with q/S=Ih. Curves are plotted for various 
values of the parameter I, the height of the pickup loop above 
the conductor surface (FIG. 5). The area of the pickup loop, 
and hence the inductance of the loop, is proportional!. 40 is proportional to frequency w. At sufficiently high frequency 
the inductive term dominates. In this work, both contributions 
to 'Vfare evaluated. The far-field approximation forE is used 
in calculating 'V. This approximation gives accurate results 
FIG. 9 is a graph illustrating impedance (V/I) measured by 
a co-linear, four-point probe (table 3) in contact with an 
aluminum block (table 4), compared with theory expressed in 
equation (B.30), as a function offrequency. 
FIG. 10 is a graph illustrating impedance (V/I) measured 45 
by a rectangular, four-point probe (table 3) in contact with an 
aluminum block (table 4), compared with theory expressed in 
equation (B.30), as a function offrequency. 
when pick-up points at (p, y, 0) and ( q, y, 0) are sufficiently far 
from the source points at (±S, 0, 0), in practice a few electro-
magnetic skin depths (1\) in the conductor and the conductor 
is somewhat thinner than the probe spacing, as shown for 
direct current potential drop measurements [ 1 0, 11]. 
DETAILED DESCRIPTION OF THE PREFERRED 
EMBODIMENT 
50 Electric Field 
The present invention provides a method of quantifying 
both electrical conductivity and magnetic permeability. The 
methodology can be applied to objects of varying geometries, 55 
including, but not limited to plates, cylindrical rods, and other 
geometries. In addition, the methodology can be used for 
characterizing surface treatments or other forms of layered 
structures in metals. In other words, the object being charac-
terized need not be homogenous. Thus, the present invention 60 
provides a flexible methodology for quantifYing or character-
izing electrical conductivity and magnetic permeability for a 
variety of materials in a variety of environments or situations. 
Measurements of voltage are taken at a number of specific 
frequencies. The low-frequency voltage values are entered 65 
into a theoretical formula to calculate either the metal con-
ductivity or thickness. One of these must be known indepen-
For the configuration shown in FIG. 1, the electric field can 
be obtained by superposition of fields separately associated 
with the two current-carrying wires: 
(A.2) 
where r±=)(x±S)2 +y2 +z2 . In the following sections the far-
field form of E is determined in the region of the pick-up 
circuit (air) and in the metal plate for a single current -carrying 
wire located on the axis of a cylindrical co-ordinate system. 
Probe Region 
For a single wire passing current I into, or out of, a con-
ductive plate, there are two contributions to the electric field 
in air. One is from the current flowing in the wire, E w, and the 
other is from the current density in the plate. In the far-field 
regime, for the closed loop C, only E wis important. Assuming 
that the wire is perpendicular to the surface of the plate and 
US 7,443,177 Bl 
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that the current has time-dependence e-iwt, the integral form 
of Ampere's Law and then Faraday's Law yields 
w A iWJ.loi 
E (p, z) = z~1np, p--+ oo, z:;; 0, (A.3) 5 
where p is the radial co-ordinate of a cylindrical system 
centered on the wire and E w has the same direction as the 10 
current density in the wire, J=zl7 • 
Plate 
An expression for the electric field in the conductive plate 
is obtained in a manner similar to that given in reference [2] 
for a conductive half-space. For a current source oriented 15 
perpendicular to the surface of the plate, only the transverse 
magnetic (TM) potential, 1.jJ", is required to fully describe the 
electric field: 
E(r)~-iwJ.IVxVxi'P''(r) (A.4) 20 
Define a Modified TM Potential 
w~v/1J!", (A.5) 
where '112 ='11-z(a/az) is the transverse differential operator. 25 For a plate infinite in x andy, occupying zE[O,T], the govern-
ing equation is 
(A.6) 
where k2=iwf.LO with fl and a being the permeability and 30 
conductivity of the plate, respectively. In the plate, only the 
horizontal component of the electric field, EP, contributes to 
V. It is not convenient to express EP in terms ofW. Rather, EP 
will be obtained from the following equation by means of 
relationship (A.5). 
(A.7) 
where p and z are co-ordinates of the cylindrical system. 
Equation (A.6) is solved forT subject to boundary conditions 
and 
{
_I_ p.::;a, 
'l'(p, 0) = C(p) where C(p) = n(ka)2 ' 
0, p> a, 
(A.S) 
(A.9) 
35 
40 
45 
50 
These derive from the fact that, at the surface of the plate, the 
normal component of current density is continuous-zero 55 
everywhere apart from at the point of contact with the current 
carrying wire, radius a. Applying the zero-order Hankel 
transform to solve (A.6) and taking the limit a~-o yields 
60 
I [ [1-e2y(,-Til 
'l'(p, z) = 2nk2 o e-Y' 1- e 2yT lo(Kp)KdK, 
(A. !OJ 
where y2 =k2 -k2 . IfT ~oo, the term in square brackets tends to 65 
unity and the resulting integral is identical to that obtained for 
a half-space conductor [2]. 
6 
It is possible to evaluate the integral (A.l 0) analytically by 
expanding the term in the denominator as a binomial series [ 4, 
3.6.10]: 
(A.11) 
l + e-2yT + e-4yT + e-6yT + e-SyT + ... = .L e-2nyT. 
n=O 
Multiplying the right-hand side of (A.ll) by the factor 
e-yz[l-e2y(z-7)]and substituting the result into (A.lO) yields 
I oo [ 
')i(p, z) = 2Jrk2 .L {e-y(H2nT)- eY[,-2(n+l)T])Jo(Kp)KdK, 
n=O 0 
(A.12) 
where the order of summation and integration has been 
reversed. The first term in braces in (A.12), e-yz, gives rise to 
the result for the TM potential in a half-space conductor. The 
second term, -ey(z-2 7), accounts for the primary reflection of 
the field from the surface of the plate at z=T. Other terms deal 
with multiple reflections between the surfaces of the plate. By 
analogy with the result for the half-space conductor, refer-
ence [2], or by multiple use of the analytic result given in 
reference [5], result 8.2.23, the terms in (A.12) can be inte-
grated. It is found that 
'l'(pz)=-- e""n(1-ikr)+ I L{ik(z+2nT) . 
' 2n (ikrn) 3 n 
n=O 
wherein 
ik[z-2(n+1)T]e"'{(1-ikr')} 0 :;;z:;; T 
-----,(ik-:-r-~"""J'-- n ' ' 
rn~~p2+(z+2nT)2 and r'n~~p2+[z-3(n+1)T]2 
(A.13) 
To obtain EP from Was given in (A.13) via relations (A.7) 
and (A.5) requires some manipulation [2]. The result is 
E (r) = - __!!}___ "'\' {eiklc+2nT) -
p mapu 
n=O 
(A.14) 
- 1+ 1-- +e -eik'n [ [ik(z + 2nT)f ( 1 )] - ik[,-12n+l)T] ~~ ~~ ~~ 
eik/, [ {ik[z- 2(n + 1)T]}2 ( 1 )]} 
- 1+ 1-- ,O:;;z:;;T. 
~~ ~~ ~~ 
In the far field, the electric field is dominated by terms of 
the form e'kz/p and 
Ep(r) =- __!!}___ f {elk(H2nT) + e-ik[,-2(n+l)T]}, P--+ oo, 0:;; Z:;; T. 
map n~o 
(A.15) 
If the far-field current density is integrated over a cylindri-
cal surface oflarge radius extending from z=O to T, the result 
is Jll+e'k(2N-I)rJ for a series truncated to N terms. This 
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expression tends to I as N_,.oo, as it should. If T _,.oo the 
far-field expression for the electric field in a half-space con-
ductor is recovered [2] 
E (r) = -p_.!!.!__eik' , p--+ oo, z <: 0. 
P 2.Jrap 
(A.16) 
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are given in Table 1. The brass plate was precision ground to 
remove surface scratches and mounted on a two-inch thick 
plastic support plate. Electrical contact with the brass plate 
was made via sprung, point contacts, held perpendicular to 
the surface of the plate. In this experiment the four contact 
points were arranged in a straight line, with a common mid-
point between the two current drive points and the two pick-
up points. The dimensions of the probe are given in Table 1. 
This expression was also given in reference [3] in the 10 
context of fatigue crack measurement. TABLE 1 
Voltage Calculation Experimental parameters. 
Voltage is now calculated according to Equation (A.1 ). For 
the configuration shown in FIG. 1 the contributions are _br_a_ss_p_la_t_e ____________ P_ro_b_e_CF_I_G_. _1J ____ _ 
15 conductivity, a (MSm-1) 16.2 ± 0.3 S (mm) 38.2 ± 0.3 
tbickness, T (mm) 5.66 ± 0.01 
(A.17) horizontal dimensions (mm) 615 x 616 
p (mm) -9.18 ± 0.01 
q (mm) 9.18 ± 0.01 
-[EI(x, y, O)dx+[
1
E'{(p, y, z) d z+ (' E'{(q, y, z) d z, 
p 0 J_l 
withEr given by (A.2). It is a simple matter to evaluate the 
last two terms on the right-hand side of equation (A.17) with 
Ez given in equation (A.3 ). To neatly evaluate the first term on 
the right-hand side of (A.17) recognize that, at the surface 
defined by z=O, equation (A.15) can be written 
(A.18) 
Further [4, equation 3.6.10], 
00 1 
'\' e2iknT = __ _ 
L... 1 _ e2ikT' 
n=O 
so that 
ikl 
Ep(p, 0) = 2.Jrap coth(ikT), p --+ oo. 
(A.19) 
The final expression for 'Vis 
V= (A.20) 
I [ ik . . l {[(p-S)2 +l][(q+S)2 +l]} 
- --coth(ukT)+EWJlolln 2 2 · 4n a- (p + S) + y2 ( q - S) + y2 
The first term in equation (A.20) is the contribution from 
the conductor and has approximately equal real and imagi-
nary parts. The contribution from the measurement circuit is 
imaginary (inductive) and proportional to the dimension of 
the circuit perpendicular to the conductor surface, I. For a 
typical non-magnetic metal and 1-1 mm, the inductive term is 
practically negligible for frequencies up to about 10 Hz 
whereas at 104 Hz the terms are of similar magnitude. The 
logarithmic term represents the physical arrangement of the 
four probe points. 
Experiment 
ACPD measurements were made as a function of fre-
quency on a brass plate whose conductivity and dimensions 
20 
1 (mm) 0.35 (fitted value) 
The two current-carrying wires were held perpendicular to 
the plate surface for a distance of 16 inches, after which they 
were twisted together to reduce the effects of inter-wire 
capacitance. This distance was sufficient to remove any effect 
of motion of the current wires on the measured voltage. The 
25 two pick-up wires were arranged with the objective of mini-
mizing I, lying as close to the plate surface as possible. They 
were twisted together at the midpoint between the pick-up 
points. 
In the theoretical calculation, two measured values are 
30 needed. One is the current through the plate, the other is the 
voltage measured by the pick-up probe. To monitor the cur-
rent in the plate, a high precision resistor was connected in 
series with the drive current circuit and the voltage across the 
resistor measured. The resistance maintains one percent accu-
35 racy over the range of frequency for which it could be mea-
sured with anAgilent 4294A precision impedance analyzer; 
40Hz to 40kHz. The voltage across the resistor and that of the 
pick-up pro be were both measured using a Stanford Research 
Systems SR830 DSP lock-in amplifier. 
40 In order to make both voltage measurements using the 
same lock-in amplifier, a switch was used activated by a 
control signal from the auxiliary analog output of the lock-in 
amplifier. It was necessary to correct the experimental data 
for common-mode rejection (CMR) error in the lock-in 
45 amplifier. This systematic error shows itself in the fact that, 
when the pickup terminals are reversed, the measured voltage 
changes by a few fl V. The magnitude of the error is, therefore, 
similar to that of the voltage being measured, and a corrective 
procedure is essential. The CMR error was eliminated by 
50 taking two sets of measurements, reversing the pick-up ter-
minals for the second. The two sets were then subtracted and 
the result divided by two. 
The drive current was produced by a Kepco bipolar opera-
tional power supply/amplifier, model number BOP 20-20M. 
55 The sine signal from the internal function generator of the 
lock-in amplifier was connected to the current programming 
input of the power supply, with the power supply working as 
a current drive. 
The conductivity of the plate was measured using a MIZ-
60 21A eddy current instrument. The error quoted in Table 1 is 
estimated from the manufacturer's literature and derives from 
a combination of inaccuracy in the instrument, inaccuracy in 
the comparative standards and probe lift-off error. 
In FIG. 2, ACPD measurements are compared with theory. 
65 The average of ten data sets (taken sequentially) is shown. 
The value of I was adjusted in the calculation to obtain the 
best fit to the high frequency imaginary part of the data, 
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having negligible influence on the low-frequency data. The 
value 1=0.35 mm appears reasonable since the pick-up wire is 
AWG 32 with diameter 0.2 mm. The agreement between 
theory and experiment is excellent. There is no obvious error 
in the imaginary part ofV. The theory overestimates the low 
frequency real part of Vby 3%. Applying standard error 
analysis to the low frequency limiting expression for V, equa-
tion (A.22), shows that errors in the plate conductivity and in 
the relative positions of the probe points combine to give an 
experimental error which is also 3%. 
Limiting Case: Low Frequency 
To take the limit k~O in equation (A.20), not that limk~o 
[ikT/sinh(ikT)]=l. Then 
half-space conductor. The alternating current potential drop 
(ACPD) measurements permit depth-dependent information 
to be obtained through the phenomenon of the electromag-
netic skin effect, in which the current is confined to flow in a 
'skin' at the surface of the conductor, whose depth is approxi-
mately inversely proportional to the square root of the exci-
tation frequency. TheACPD technique therefore has applica-
tion in assessing materials whose electromagnetic parameters 
vary with depth, for example, in the case of electrically con-
10 ductive surface treatments and coatings. One advantage of 
ACPD over DCPD is that a lower measuring current can be 
applied in order to achieve a given sensitivity [1 0] (section 8). 
This reduces the risk of heating of the specimen and associ-
15 ated changes in electrical conductivity. 
V -+---In k--+0 I {[(p -S)2 + l][(q +S)2 + l]} 2.mrT (p + Sjl + y2 (q _ S)2 + y2 ' . (A.22) In previous work, Mitrofanov derived an expression for the complex voltage measured between the pickup points, of a four-point probe, in contact with the surface of a half-space 
conductor [12]. The solution was expressed in terms of an 
It is seen that at low frequency the voltage is real, being 
inversely proportional to the plate thickness and conductivity. 
Formula ( A.22) is consistent with one given by Yamashita and 
Masahiro for four-point DC measurements on a finite plate 
20 infinite series expansion in powers ofk, where 
k = ~ with 6 = (-2-)112 , 6 WJ.lCF (B.1) [ 6]. In FIG. 3, <Vis plotted for a number of values of plate 25 
thickness. The inverse dependence of Re(o/) on the plate 
thickness at low frequency, predicted by equation (A.22), can ll being the electromagnetic skin depth in the conductor. In 
equation (B.1 ), w=2Jtfis the angular frequency of the injected 
current and fl and a are the magnetic permeability and elec-
30 trical conductivity of the half-space, respectively. 
be clearly seen in FIG. 3. 
Limiting Case: High Frequency 
At high frequency the voltage is dominated by the induc-
tive term in equation (A.20). This term is proportional to I, the 
length of the pick-up wire perpendicular to the metal plate. 
Practically it is desirable to minimize the contribution of this 
term by making I as small as possible. In this way the contri-
bution to o/due to the plate, from which useful information 35 
may be derived, is not masked by induction in the measure-
ment circuit. In FIG. 4, the effect on o/ofvarying I is shown. 
Only Im(o/) is shown since I has no influence on Re(o/). 
Therefore, a four-point method of measuring material 
parameters has been disclosed. The simple analytic result, 40 
equation (A.20), gives useful insight into the primary con-
tributors inACPD measurements. It is accurate for a flat plate 
whose edges are several tens of skin depths from the probe, 
for a probe whose pick-up points are several skin depths away 
from the current drive points and for a conductor somewhat 45 
thinner than the probe point spacing. 
Of course the present invention has numerous applications, 
including but not limited to use in non-destructive quantifi-
cation of metal plates of titanium/nickel alloys such as used in 
aircraft engines, metal billets, and other uses where material 50 
evaluation or process monitoring is used. These applications 
further include applications where non-destructive quantifi-
cation of metal thickness is needed and access is restricted to 
one side. The present invention has been used to measure a 
variety of different types of conductors including brass, alu- 55 
minum, stainless steel, carbon steel and spring steel. The 
present invention is not to be limited to the specific disclosure 
presented herein, as one skilled in the art having the benefit of 
this disclosure would appreciate the far-reaching scope of the 
present invention. 60 
Metal Half Spaces 
The analytical expression describing the complex voltage 
measured between the pickup points of a four-point probe, in 
contact with the surface of a half-space conductor, is derived 
in closed form. There are two contributions to the measured 
voltage. One arises from the potential drop due to electric 
current flowing in the conductor. The other arises from induc-
tion in the loop of the pickup circuit. Both terms are obtained 
by integrating analytic expressions for the electric field, 
derived previously [2, 13], along appropriate paths. It is 
shown that the closed-form expression obtained here for the 
potential drop due to current flowing in the conductor can be 
expressed as a power series ink, giving the same result as that 
presented in [ 12]. The contribution to the measured complex 
voltage due to inductance in the pickup circuit was not ana-
lyzed in [12]. 
Theory is compared with experimental data for co-linear 
and rectangular arrangements of the four probe points in 
contact with a thick aluminum block and very good agree-
ment is obtained in both cases. 
Analysis 
The ACPD method measures a complex voltage, V, which 
has two contributions: 
V=v+E (B.2) 
The first term, v, is the potential drop between the two 
points on the plate at which the measurement circuit makes 
contact with its surface. The source ofv is the current in the 
plate injected by the other two points of the four-point probe. 
At arbitrary frequency, v is complex. The second contribu-
tion, E, is proportional to the inductance of the measurement 
circuit. It arises form the changing magnetic flux within the 
loop of the measurement circuit due to harmonic variation of 
The present invention also provides for the use of four-
point alternating current potential drop measurements on a 
metal half-space. An analytic expression is derived and used 
to describe the complex voltage measured between the pickup 
points of a four-point probe, in contact with the surface of a 
65 the applied current, of the form e-'w', E is purely inductive, 
therefore imaginary. In the static limit of direct current, only 
v remains. For the geometry given in FIG. 5, 
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v= L E·dl. 
(q,O,O) 
and 
11 
(B.3) 
(B.4) 
10 
12 
Calculation of v 
Closed form. In general, the line of the pickup points may be 
off-set from the line of the current injection points. Let 
y=c=constant and then choose the path of the integral in 
equation (B.3) such that 
(B.11) 
Now, 
(x + S) 5 (x - S) 5 Ex(x. c. 0) = --Ep(P+• 0)- --Ep(P-· 0). 
P+ P-
(B.12) 
where 
p+=)(x±S?+c2 . Combining the above two equations and 
making the change of variable 
Where C is a closed loop in the case where p' and q' 
coincide, as happens when the pickup wires are twisted 
together at their point of meeting. At low frequency, the 
measured potential drop is almost exclusively due to the 
conductor. In an ACPD measurement on a conductive plate, 15 
the contribution to V from the plate is most significant at 
lower frequencies, with the contribution from E becoming 
larger, and eventually dominant as the frequency increases. 
Strictly, the quantities V, v, E and E are complex amplitudes. 
For brevity, the time dependence is not shown explicitly in 
equations (B.2) to (B.4) or in the equations that follow. 
20 X =x±S gives 
v=-1++1_, (B.13) 
For current injected into a half-space conductor by a single 
wire held perpendicular to the conductor surface, the campo- where 
nents of the electric field in the conductor are [2] 25 
I ik { . eik ' [ (ikd ( 1 )]} E'. (r) = --- e'" - ...,---- 1 + -.- 1 - .,.--- • z > 0. P 2n:CT p ukr ukr ukr 
(B.S) 
I z ., 
£;(r) = 2n:CT -;se' '(1- ikr). z > 0. 
(B.6) 30 
in which p and z are the variables of a cylindrical co-ordinate 35 
system centered on the current wire and r2=p 2 +z2 . The elec-
tric field in air may be expressed [ 13] as 
(B.7) 
[
±S X 
I±= ~E~(X. c. O) d X. 
p±S -y x2 + c2 
(B.14) 
Putting E/(X,c,O) from equation (B.5) into the integrand of 
equation (B.14) gives 
iki [±Sr x xe'',fx2+c2j I-- --- d X 
± - 2n:CT p±S X2 + c2 ik(X2 + c2 )'/2 . 
(B.15) 
where 40 Integration of the first term in equation (B.15) is straightfor-
ward. The second term in equation (B.15) may be evaluated 
by making a further change of variable, a=)X2 +c2 , and using 
(B.SJ the following identity (equation 2.325.2) in [14]): 
45 
and I e= tf'" - d x = -- -a£1(-ax). x2 x (B.16) 
(B.9) 
50 
in which E1 (z) is the exponential integral function, defined 
(equation (5.1.1) in [15]) as 
In equation (B.9), y2 =k2 -k2 and J,(x)is the i-th order Bessel 55 
function of the first kind. Ew is the electric field in air due to 
the current flowing in the injection wire. Ec is the electric field 
in air due to the current flowing in the half-space conductor. 
For a system of two current-carrying wires in contact with 
the metal surface at co-ordinates (±S,O,O) as shown in FIG. 5, 60 
the electric field E can be obtained by the superposition of the 
field due to a single wire, Es, whose components are given 
above: 
65 
£1 (z) = roo e-t d t. largzl <Jr. Jc t 
(B.17) 
Ultimately, the following expression for v is obtained: 
I 
v = 2n:CT[f;(S + q. c)- f; (S-q. c)- f;(S + p. c)+ f; (S- p. c)] 
(B.18) 
where, as will be shown subsequently, f,(x,y) can take several 
forms. In exact, closed form, 
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e ik P (B.19) 
faacr(x. y) = faacr(P = ~ x 2 + y 2 ) =- + ik[1np + E1(-ikp)] 
p 
R I 
v = - [/;(2S. c)- /;(0. c)] 
Jr(T 
(B.25) 
Series Form 
In the limit of direct current, k_,.O and 
The result presented in equations (B.18) and (B.19) can be 
10 
expressed in terms of a power series ink. In this way it can be 
shown that the result is in agreement with that of an indepen-
dent calculation [ 12]. The two relations (equations ( 4.2 .1) and 
(B.26) 
(5.1.11) in [15] 
00 Z' e' =~l· n. 
n=O 
00 (-1J"Z' 
£1 (z) = -y, -1nz-~ --1-. largzl < "· nn. 
n=l 
(B.20) 
(B.21) 
applied to the exponential and exponential integral functions 
in equation (B.19) give 
fexaclP )~-ik{y e +ln( -ik)-1 }+herieo(P) (B.22) 
in which Ye =0.577216 ... is Euler's constant and 
(B.23) 
Note that the terms present in the relation between fexact and 
fseries (equation (B.22)) are independent of p. This means that 
they drop out when inserted into equation (B.18). Hence 
f~"'' (equation (B.23)) may be inserted directly into equation 
(B.19) as an alternative to fexact (equation (B.19)). The result-
ing series representation for v given by combining equations 
(B.18) and (B.23) agrees with that presented in [12]. 
Special Cases 
15 in agreement with results presented in [9, 11, 15]. 
In FIG. 6, the real and imaginary parts of the dimensionless 
voltage, na~s!I , are plotted versus dimensionless frequency, 
WflaS2 , for various values of the ratio of pickup length to 
current injection length q/S, for a co-linear symmetric probe. 
20 It can be seen that the voltage increases as the pickup points 
approach the current injection points more closely, i.e. as q/S 
increases. Voltage values calculated using the series represen-
tation for v, equation (B .23 ), are also shown for the pro be with 
25 equally-spaced probe points, q/S=lf3. To achieve agreement to 
within 2 percent of values calculated using the exact solution 
at the highest frequency considered, 30 terms in the series are 
required. As q/S increases, yet more terms are needed. 
In FIG. 7, the real and imaginary parts of the dimensionless 
30 voltage, A.avRS/I, are plotted versus dimensionless fre-
quency, wvaS2 , for various values of the aspect ratio of a 
rectangular probe, c/(2S). Again, the pickup voltage increases 
as the pickup points approach the current injection points 
more closely, i.e. as c/S decreases. To achieve agreement 
35 
within 2 percent between values calculated using the exact 
solution (equation (B.19)) and the series solution (equation 
(B.23)) for a square-head probe (c/S=2) at the highest fre-
quency considered, 70 terms in the series are required. 
40 In both FIG. 6 and FIG. 7, it is evident that below a certain 
frequency, the pickup voltage is approximately real and con-
stant. In this low-frequency regime, the measured voltage 
matches that obtained in the de limit and equation (B.26) 
applies. Hence, in the low-frequency regime, vis independent 
45 of fl, and a may be determined independent of fl by adjusting 
the value of a until theory matches low-frequency experimen-
tal data. Once a is kuown, fl may be determined by fitting 
theory with experimental data taken at higher frequencies. 
This procedure is demonstrated in [16] in characterizing 
50 metal plates which are somewhat thinner than the probe 
length [17]. One commonly-used probe configuration is that in which 
the four probe points are arranged along a straight line, with 
the voltage pickup points positioned symmetrically about the 
midpoint between the current injection points. In the case of 55 
this co-linear, symmetric probe, p=-q and c=O. Equations 
(B.18) reduces to 
Comparing results shown in FIG. 6 and FIG. 7 it can be 
seen that the co-linear and rectangular probes perform more 
similarly as the pickup points approach the current injection 
points more closely, as is to be expected. 
Calculation of E 
viS = _!__ [/;(S + q. 0)- /;(S-q. 0)] (B.24) 60 
Jr(T 
For a rectangular probe configuration, in which the line 
between the current injection points forms one side of the 65 
rectangle and that between the voltage pickup points forms 
the opposite side, p=-S and q=S so that 
It can easily be shown that Ec (equation (B.9)) is conser-
vative (VxEc=O) and therefore does not contribute to the 
integral around the closed loop from which E is derived ( equa-
tion (B.4)). Hence, with equations (B.7) and (B.10), 
(B.27) 
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Considering the form ofEw (equation (B.8)) evaluation of the 
integral in equation (B.27) is straightforward, yielding 
I. r.j(S+qf+c2 .Jcs-pf+c2 1 
E: = 2 ,wJ10 lln --'rr=~===--'1=~== 
" 'V (S- qf + c2 ,j (S + pf + c2 
(B.28) 5 
Configuration S (rnrn) 
Co-linear 20.03 ± 
0.07 
Rectangular 17.64 ± 
16 
TABLE3 
Probe parameters. 
p (rnrn) q(mm) c(mm) 
-17.5 ± 17.6 ± 0 
0.2 0.4 
1 (rnrn) 
(fitted value) 
2.98 ± 0.01 
-17.47 ± 17.55 ± 2.5 ± 0.2 2.15 ± 0.01 
The self-inductance of the pickup circuit, L, may therefore be 10 
expressed as 
0.07 0.07 0.07 
(B.29) 
Complex Voltage V 
Combining results (B.18) and (B.28) in accordance with 
equation (B.2) gives, finally, 
15 
20 
TABLE4 
Half-space parameters conductivity, o, 
thickness, T and lateral dimensions, w x d. 
Metal Alloy a (Msm- 1) T (rnrn) 
Aluminum 2024 17.6 ± 0.2 101 
w x d (mm) 
149 X 202 
I 
V = 
2
n:cr [F(S + q, c)- F(S- q, c)- F(S + p, c)+ F(S- p, c)] (B.30) 
25 
The dimensions of the aluminum block, with respect to the 
dimensions of the probes, are such that some discrepancy 
between theory and experiment due to edge effects is 
expected. For the co-linear probe placed centrally on the 
largest face of the aluminum block, the error due to edge 
effects is minimized by orienting the line of the probe so that 
where 
eikp [( ikl) l F(x, y) = F(p = .,jx2 + y2) = p +ik 1- J;; lnp+£1 (-ikp) (B.31) 
and flr=f.ilf.lo is the relative permeability of the half-space. 
In FIG. 8 the effect of varying I on Vis shown in the case of 
a co-linear, symmetric probe with equally-spaced probe 
points ( q/S=1;3 ). Only the imaginary part ofV is shown since 
E is purely imaginary and has no influence on the real part of 
V. It can be seen that, as I increases, Im(V) becomes linear in 
frequency due to the dominance of lEI over IIm(v)l. From a 
practical point of view, it is important to minimize I so that the 
component ofV which carries information about the speci-
men, v, is not swamped by the inductive term, E. 
Experiment 
The theoretical expression for the complex voltage ( equa-
tions (B.30) and (B.31)) has been validated by comparison 
with experimental data. Two different four-point probes, one 
with co-linear arrangement of the probe points and one rect-
angular, were used. The probes were constructed by mount-
ing four sprung, point contacts in a plastic support block. The 
separation of the contacts was measured using digital cali-
pers. With reference to FIG. 5, the dimensions of the probe are 
listed in Table 3. The uncertainty in the dimensions derived 
primarily from some lateral play in the pin position which can 
occur as the springs are compressed. Measurements of com-
plex voltage were made with the probes in contact with a 
thick, alloy 2024 aluminum bloc, whose parameters are listed 
in table 4. The conductivity of the block was measured inde-
pendently using an eddy-current coil. Details of the conduc-
tivity measurement and further details of the experimental 
procedure for the ACPD measurements can be found in [16, 
18]. 
it is parallel with the shorter side of the block face (w=149 
mm) [10]. The error is also reduced by employing a probe in 
30 which the four points are not equally-spaced, but in which the 
pickup points are closer to the current injection points. In fact, 
for the co-linear probe used m this experiment, 
(q-p)/(2S),.,0.88 and w/(2S),.,3.7 w. For these ratios, and 
assuming that the aluminum block is 'infinite' in the direction 
35 perpendicular to the line of the probe (dimension d), edge 
effects are expected to lead to a discrepancy of approximately 
2 percent between theory and experiment in the de limit. 
Since in practice this block is finite in the direction perpen-
40 dicular to the line of the probe (d=202 mm), a discrepancy a 
little larger than 2 percent is expected between theory and 
experiment in the de limit, becoming smaller as frequency 
increases, due to greater confinement of the electric field in 
the region of the probe.According to calculations ofDCPD as 
45 a function of the ratio of plate thickuess to probe dimension 
(here T/S=5[17], the thickuess of the block is expected to 
approximate a half-space very well, with no significant error 
arising due to its finite thickuess. 
Experimental measurements made with co-linear and rect-
50 angular probes are compared with theory in FIG. 9 and FIG. 
10, respectively. In both cases, there is very good agreement 
between theory and experimental data. The calculated curves 
shown for the imaginary part of the impedance have been 
obtained by adjusting the value of the vertical dimension of 
55 the pickup circuit, I (see FIG. 5), to give the best fit to the 
experimental data. For the co-linear probe, 1=2.98 mm. For 
the rectangular probe, 1=2.15 mm. Both these values are simi-
lar to the physical values of! for these probes. No free param-
eters are involved in obtaining the theoretical curves for the 
60 real part of the impedance shown in FIG. 10 and FIG. 11. The 
discrepancy between theory and experiment in the low-fre-
quency regime is approximately 4 percent for both sets of 
measurements. The fact that the measured real part ofV is 
larger than that predicted by theory, rather than smaller, indi-
65 cates that edge effects are likely responsible for the discrep-
ancy. Other significant sources of error are the uncertainty in 
the probe dimensions and in the conductivity of the same. 
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Thus, an exact solution for the complex, frequency-depen-
dent voltage measured between the pickup points of a four-
point probe in contact with a metal half-space has been 
derived. Very good agreement between theory and experi-
ment on an aluminum block has been obtained, for co-linear 5 
and rectangular arrangements of four pro be points. As well as 
providing a method for measuring electrical conductivity and 
effective magnetic permeability of thick metal specimens, the 
present invention allows for theoretical analysis of four-point 
ACPD on stratified planar conductors, for the practical pur- 10 
pose of nondestructive evaluation of conductive surface treat-
ments and coatings. 
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What is claimed is: 
1. A method of determining material parameters associated 
with a conductor using four points, comprising: 
injecting and extracting alternating current into the con-
ductor using current-carrying wires operatively con-
nected to two of the four points at each of a plurality of 
frequencies; 
measuring potential drop between the remaining two of the 
four points at each of the plurality of frequencies; and 
calculating conductivity or thickness of the conductor 
using the potential drop and the alternating current 
amplitude from a first subset of the plurality offrequen-
cies; 
determining magnetic permeability for the conductor from 
a second subset of the plurality of frequencies, the sec-
ond subset of the plurality of frequencies including fre-
quencies higher than frequencies in the first subset. 
2. The method of claim 1 wherein the conductor is a plate. 
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[1] W. J. Duffin, Electricity and magnetism, McGraw-Hill, 
London, 1980. 3rd Edition. 
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4. The method of claim 1 wherein the conductor is a strati-
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5. The method of claim 1 wherein the conductor is a con-
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6. The method of claim 1 wherein the conductor is a coat-
ing. 
7. The method of claim 1 wherein the conductor comprises 
a ferrous metal. 
8. The method of claim 1 wherein the four points are 
co-linear. 
9. The method of claim 1 wherein the four points are in a 
rectangular configuration. 
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prises a metal half-space. 
12. The method of claim 1 wherein the step of calculating 
includes applying an analytical expression. 
13. The method of claim 1 wherein the conductor is of 
cylindrical shape. 
14. The method of claim 1 wherein the conductor is a tube. 
15. The method of claim 1 wherein the conductor is a 
stratified cy Iinder. 
16. A method of determining material parameters associ-
ated with a conductor by using a four points probe, the 
method comprising: 
injecting and extracting alternating current into the con-
ductor using current-carrying wires operatively con-
nected to two of the four points of the four point pro be at 
each of a plurality of frequencies; 
measuring potential drop, V, between the remaining two (p, 
q) of the four points of the four point probe at each of the 
plurality of frequencies; 
applying an analytical expression relating the voltage, V, 
measured between points p and qat each of the plurality 
of frequencies, the electromagnetic skin depth of the 
conductor and the amplitude of the alternating current to 
determine the magnetic permeability based on a first 
subset of the plurality offrequencies and conductivity of 
the conductor based on a second subset of the plurality of 
frequencies, the first subset including frequencies higher 
than the frequencies in the second subset. 
17. The method of claim 16 wherein the conductor is a 
[17] Bowler N 2006 Res. Nondestr. Eva!. 17 29-48. 65 homogenous metal. 
[18] Bowler Nand Huang Y 2005 Meas. Sci. Techno!. 16 
2193-200. 
18. The method of claim 17 wherein the conductor is a 
plate. 
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19. The method of claim 16 wherein the conductor com-
prises a ferrous material. 
20. A method of determining material parameters associ-
ated with a conductor using four points, comprising: 
injecting and extracting a time-varying current into the 
conductor using current -carrying wires operatively con-
nected to two of the four points; 
measuring potential drop between the remaining two of the 
four points using a measurement circuit; 10 
determining the material parameters of conductivity, thick-
ness, and magnetic permeability from the potential drop, 
characteristics of the time-varying current, and an ana-
20 
lytic model of an electromagnetic field in the conductor; 
and 
wherein the analytic model provides for defining a com-
plex voltage for the potential drop with a first contribu-
tion to the complex voltage due to the time-varying 
current into the conductor and a second contribution to 
the complex voltage due to induction in a loop of the 
measurement circuit, evaluating both the first contribu-
tion and the second contribution to thereby decouple the 
conductivity from the magnetic permeability and pro-
vide for calculating both the conductivity and the mag-
netic permeability. 
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